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Abstract
In this paper, we address practical methods for calculating camera lens distortion for real-time applications. Although
the lens distortion problem can be easily ignored for constant-parameter lenses, it becomes important in the "eld of
real-time camera calibrations, particularly for zoom lenses. Tsai's camera calibration method, which is adopted in this
paper for real-time application, consists of two stages. While some camera parameters can be calculated algebraically in
the "rst stage, a nonlinear optimization process is involved in the second stage for calculating other parameters including
lens distortion, which requires a large number of calculations. However, if the lens distortion can be calculated
independently of the other camera parameters, we can easily calibrate a camera with a linear method without a
computational burden. We propose two di!erent methods for calculating lens distortion independently. These methods
are so simple and require so few calculations that the lens distortion can be rapidly calculated even in real-time
applications. The "rst one uses a look-up-table (LUT) of focal length and lens distortion, which can be constructed in the
initialization process. The second one is a feature-based method using the relationship between the feature points found
in an image. Experiments were carried out for both methods, results of which show that the proposed methods are
favorably comparable in performance with the non-real-time full optimization method.  2001 Pattern Recognition
Society. Published by Elsevier Science Ltd. All rights reserved.
Keywords: Real-time calibration; Lens distortion; Focal length}lens distortion LUT; Collinearity; Geometric invariant; Virtual studio

1. Introduction
Today, owing to the improvement of computer technology, many real-time vision applications are being
studied: among them, camera calibration. Camera calibration, in the context of three-dimensional machine vision, is a process of determining the internal geometric
and optical characteristics (intrinsic parameters), and the
3D position and orientation of the camera relative to a
certain world coordinate system (extrinsic parameters).
The problem of camera calibration has attracted a
great deal of attention in the computer vision community
in the recent three decades, and various algorithms [1}4]
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have been introduced. Among them, Tsai's method [4]
has been most widely used. Although there have been
some other approaches and applications introduced
thereafter [5}9], their goals have been toward the improvement of accuracy or re"nement of camera models.
Little attention has been paid to the algorithmic reduction of computation time, which is critical to real-time
application. This paper addresses the problem of reducing the algorithmic computation time, allowing real-time
application.
There are some applications including virtual studio,
where real-time camera calibration is required. Virtual
studio [10,11], the main application area of this paper, is
in making an object (e.g., human presenter) from a real
studio look like it naturally exists in a graphic studio that
is generated using computer graphics with a virtual camera observing graphic objects in graphic world. In order
to make this graphic studio look like it is smoothly
moving, it has to be changed at the rate of 30 frames/s.
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In other words, the camera parameters of virtual camera
should be changed to follow those of the real camera,
which means they need to be calculated at the same rate.
In order to apply the most widely used algorithm,
Tsai's algorithm, to these real-time applications it has to
be modi"ed because the nonlinear optimization involved
in it due to lens distortion requires considerable computational cost. To reduce the computational burden, we
found that if lens distortion can be calculated independently, the other parameters involved in the nonlinear
optimization can be obtained with a linear method. The
point is now how to calculate lens distortion independently.
In this paper, we propose two practical methods for
calculating lens distortion independently of other parameters without burdensome calculations. One method
uses a focal length-lens distortion LUT that can be constructed in the initialization process. The other method
"nds lens distortion using the relationship between feature points in an image without any initialization process. At this point it is important to note that the feature
points used in this paper are any collinear or coplanar
points.
In Section 2 we will review Tsai's camera calibration
model and explain how camera parameters can be calculated with a linear method given the lens distortion.
Section 3 describes our new methods for calculating lens
distortion and experimental results will be presented in
Section 4. Section 5 concludes this paper.

and ¹ is a translation vector,
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The calibration model of this paper is based on Tsai's
model [4] for a set of coplanar points. Among various
lens distortion factors, the "rst radial distortion coe$cient,  , is most signi"cant and we will take it into

account only. Fig. 1 illustrates Tsai's camera model.
The transformation from 3D world coordinate
(x , y , z ) to frame coordinate (X , > ) follows in the
U U U
D D
next four steps.
Step 1: Rigid-body transformation from the object
world coordinate system (x , y , z ) to the camera 3D
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Step 2: Projection of 3D camera coordinate to undistorted image coordinate (X , > ) is
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X "f ,
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2. Tsai's calibration model

x

Fig. 1. Tsai's camera model.

(4)

where f is the e!ective focal length.
Step 3: Calculating the distorted image coordinate
(X , > ) with a lens distortion coe$cient,  , is
B B

X (1# r)"X ,
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S
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Step 4: Transformation from the distorted image coordinate (X , > ) to the frame coordinate (X , > ) is
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D D
X "X ) s\#C ,
D
B V
V
> "> ) s\#C ,
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D
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where the scale factor s , s , and image center (C , C )
V W
V W
are presumed to be known. In the later experiment we use
the center of expansion [12] as a constant image center
which can be found in the initialization process.
Tsai used a two-stage calibration method. In the "rst
stage he calculated the extrinsic camera parameters [¹ ,
V
¹ , R , R , R ] using RAC (radial alignment constraint).
W V W X
RAC represents the relationship of O P //O P , i.e., if we
G S G B
presume that only the lens has radial distortion, the
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direction of a distorted point is the same as the direction
of an undistorted point. In the next stage, by minimizing
the error function with f, ¹ , and  as unknowns, using
X

a standard optimization scheme such as steepest descent,
he "nds the optimum f, ¹ , and  . The error function
X

can be de"ned a
error" ((X !X )#(> !> )),
(8)
S
S
S
S
where (X , > ) is calculated from (X , > ) using Eqs.
S S
D D
(5)}(7) and (X , >) is a projected point from the world
S S
coordinate to the image using the already calculated
parameters [¹ , ¹ , R , R , R ], and f, ¹ as a variable.
V W V W X
X
This optimization process requires a large number of
computations. If, in this stage, one can calculate  inde
pendently of other camera parameters, undistorted image
coordinate (X , > ) can be calculated from Eqs. (5)}(7).
S S
Then, the linear equation involving f and ¹ can be
X
derived from Eqs. (1)}(4) as
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Since rotation matrix R and translation ¹ and ¹ have
V
W
all been determined at this point, y and w are "xed so
G
G
that f and ¹ can be calculated from Eq. (9) linearly.
X
3. Calculating lens distortion
3.1. LUT-based method
Lens distortion is not an important factor for constant-parameter lenses, which have a constant distortion
coe$cient. But zoom lenses are zoomed by a complicated
combination of several lenses so that its focal length, f,
and distortion coe$cient,  , vary during zooming op
erations. In this section, to calculate lens distortion, we
construct a look up table (LUT) using the relationship
between f and  and then refer to this LUT in real-time

operations.
In the initialization process, we operate the camera
from its maximum zoom-out end to maximum zoom-in
end, storing the feature points which we "nd and identify
in images. To make the f! LUT we use the nonlinear

optimization method proposed by Tsai [4]. We can "nd
the optimum f! LUT because the nonlinear optim
ization process is executed o!-line. When using the coplanar pattern with small depth variation, it turns out
that focal length, f, and z-translation, ¹ , cannot be
X
separated exactly and reliably even with small noise. This
can be easily understood when considering that we can-
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not tell zooming from z-directional motion by watching
input video even with human eyes. So here we use an
alternative that uses ¹ /f which is found to be reliable
X
enough to use it as an index. (See Section 4.1.) Because
¹ is involved in the table, ¹ should be presumed to be
X
X
constant. It means that the camera can move in x and
y directions freely but cannot move in the z direction
to use ¹ /f! LUT. Note that this holds only when
X

coplanar pattern with small depth variation is used.
When the pattern employed is three-dimensional with
su$cient depth variation, f! LUT can be used.

In the real-time process, camera parameters are calculated at the rate of 30 frames/s, so that the change of
camera parameters between two adjacent frames is very
small. Consequently we can use the ¹ /f of the previous
X
frame as an index for the current frame, and through
iterative references we can re"ne them, i.e., we can refer
 again using the index ¹ /f that was calculated from

X
Eq. (9) using the  referred from the ¹ /f of the previous

X
frame.
3.2. Feature-based methods
The basic idea of this section is that collinearity is not
preserved under lens distortion, and projective invariants
are not either. Collinearity represents a property where
the line in the world coordinate is also shown as a line in
an image. Projective invariants are properties between
points, lines, conics, etc. These properties are preserved
when the world coordinates are projected onto an image
if there is no lens distortion. The basic idea of "nding 

from image features is a kind of searching value of 

which maximally preserves the collinearity or projective
invariants. In other words, to "nd the lens distortion for a
certain frame, we "rst take an initial lens distortion coe$cient,  , and compensate frame coordinate (X , > ) using

D D
the distortion coe$cient to calculate undistorted image
coordinate (X , > ), then "nd the  that meet these
S S

properties (i.e., collinearity or projective invariant) most
well between feature points in the (X , > ) coordinate.
S S
The two projective invariants tested here are the 5-coplanar points invariant and 2-line and 2-points invariant.
In this paper, we assume that there are collinear or
invariant coplanar features whose projective invariant
values are known in advance and that they can be detected and tracked. For the application like virtual studio
where a special pattern can be employed, it is not di$cult
to detect and track the features. For the other applications, one should "rst detect such collinear or invariant
coplanar features with known projective invariant values
and track them thereafter.
3.2.1. Calculating lens distortion using collinearity
For a camera with lens distortion, straight lines in a
pattern appear curved in an image. The dotted lines in
Fig. 2 represent those distorted lines found in an image.
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concept used for collinearity. Based on this basic observation, we use two di!erent invariants to "nd the lens
distortion coe$cient. One of them is the 5-coplanar point
invariant and the other is the 2-line and 2-points invariant.
Five coplanar points give rise to two invariants. If we
represent these points as p "(x , y , z ), the two invariG
G G G
ants are given by
Fig. 2. Distorted lines (dotted lines) and their approximation
with two lines (solid lines).

Approximation of the curved line can be done with two
line segments as indicated by the solid lines in Fig. 2.
Collinearity preservation means that the two line segments must be collinear if they are not distorted. In other
words, their slopes must be same in the undistorted
image (X , > ).
S S
Therefore, the error function to "nd lens distortion is
de"ned by the di!erence of the slopes, that is
1 , > !>
> !>

SL
SL ! SL
SL ,
E( )"
(12)

N
X !X
X !X
SL
SL
SL
L SL
where N is the number of straight lines used, and undistorted points (X , > ; i"1, 2, 3) are calculated from
SLG SLG
the distorted image points (X , > ) that are calculated
BLG BLG
from the feature point position in the image (X , > )
DLG DLG
using Eqs. (5)}(7). For vertical lines the error function we
use is
X !X
1 , X !X

SL .
SL
SL ! SL
E( )"
(13)

N
> !>
> !>
SL
SL
SL
L SL
Then the lens distortion coe$cient minimizing the error
function is what we want to obtain, i.e.,
 "min E( ).


G

(14)

Though this method calculates lens distortion through
nonlinear optimization, the amount of calculations is
very small, since it is an optimization in a one-dimensional parameter space. Furthermore, when we use the
 of the previous frame as an initial value of this optim
ization, we can minimize the number of iterations. Once
the lens distortion is calculated, we can execute camera
calibration using linear methods.
3.2.2. Calculating lens distortion using projective
invariants
Projective invariants are preserved only if there is no
lens distortion. So, for a lens having severe distortion, if
we can estimate  , which makes undistorted image

points preserve the projective invariance, it is the lens
distortion we want to "nd. This is just an extension of the

det(m )det(m )


I "
 det(m )det(m )


and

(15)
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I "
(16)
 det(m )det(m )


where m is a matrix composed of three points p , p , p
GHI
G H I
x x x
G
H
I
m " y y y .
G
H
I
GHI
z z z
G
H
I
Invariant I is used in this paper. Another invariant,

2-line and 2-point invariant is de"ned by the relationship
of two lines and two points on a plane,

 

l x l x
(17)
I"   )   ,
l x l x
   
where l x "a x #b y #c , represents the algebraic
G H
G H
G H
G
distance from the point x to the line l .
H
G
To "nd the lens distortion, we calculate an invariant
I for the world coordinate, and I for the undistorted
U
S
image point (X , > ), which can be calculated from the
S S
frame coordinate (X , > ) using Eqs. (4)}(7). To compare
D D
these two invariants, we select N data sets in the image.
The error function for the arbitrary  is de"ned as

1 ,
E( )"
(I !I ).
(18)

UL
SL
N
L
The value of  minimizing this error function is what we

want to "nd. That is,
 "min E( ).


G

(19)

4. Experiments
In order to test the proposed method, we have designed a special grid-shaped pattern on a plate using the
concept of cross-ratio [13], so that feature points can be
identi"ed automatically. Every four consecutive lines are
made to have a unique cross-ratio by adjusting the spacing between lines. Fig. 3 shows a part of the pattern we
designed. For the experiments we have captured more
than 300 frames varying focal length of Fujinon wide lens
for broadcasting camera.
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Fig. 4. f and ¹ calculated by Tsai's nonlinear optimization
X
during camera that is monotonously zooming.
Fig. 3. A part of the pattern we designed.

To identify the feature points of the pattern, we "rst
"nd edges of the grid on an image using a high-pass "lter,
and then connect them to lines. Then, to identify the lines
we calculate cross ratios of the lines we found, and
compare them with the cross ratios of the pattern. After
this line identi"cation process, we calculate the intersection of the vertical lines and the horizontal lines identi"ed. These intersections are used as the input feature
points of the calibration process.
4.1. LUT-based method
Lens distortion coe$cient,  , varies according to the

zooming operation, and the focal length uniquely represents the zooming level so that there is a unique relationship between the focal length and the lens distortion
coe$cient. Using this basic observation we make a LUT
of the focal length, f, and the lens distortion. In real-time
processes, we presume that the di!erence between the
camera parameters of two continuous frames is not large.
Therefore we can "nd the lens distortion coe$cient by
referring to the LUT using the previous f as an index of
the current frame.
In the initialization process we use Tsai's nonlinear
optimization method to calculate the focal length and
lens distortion LUT. But in the case where a pattern with
a set of coplanar points with small depth variation is
used, it is very di$cult to reliably separate focal length
and z-directional translation, ¹ , because they are
X
strongly coupled to each other. Actually, in that case,
it is not easy to tell zooming from z-directional camera
motion even by the human eye. Fig. 4 shows this
phenomenon. In this "gure, f and ¹ seem somewhat
X
noisy, while their ratio, ¹ /f, does not, as can be seen in
X
Fig. 5.
Therefore, in this experiment, assuming a camera with
"xed ¹ we make a LUT using the ratio of ¹ /f, instead of
X
X
f, as an index of the LUT. Fig. 5(a) shows the ¹ /f and
X
 calculated in the initialization process using Tsai's


Fig. 5. ¹ /f and  calculated with (a) three-variable ( f, ¹ ,  )
X

X 
optimization method, (b) ¹ /f! LUT-based method and (c)
X

collinearity method. Horizontal axis represents frame number.

optimization method. We use 300 frames for 10 s (30
frames/s). As described above, we can presume that the
di!erence in ¹ /f between two continuous frames is so
X
small that we can "nd  of the current frame by looking

up the ¹ /f! LUT using the previous ¹ /f as an index
X

X
of the current frame. As described in Section 3, for more
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Fig. 7. The noise sensitivity of the collinearity method and two
invariant methods.

4.2. Feature-based methods

Fig. 6. UDPE of the (a) three-variable ( f, ¹ ,  ) optimization
X 
method, (b) ¹ /f! LUT-based method and (c) collinearity
X

method.

accurate lens distortion you can iterate this look-up. Fig.
5(b) shows the results of  and ¹ /f calculated without

X
an iterative look-up.
In this paper we de"ne the undistorted projection
error (UDPE) as a measure of the accuracy of the
calibration. The UDPE is de"ned by the error between
undistorted points which are projected from the world
coordinate using the camera parameters calculated and
the points calculated from the frame coordinate. To obtain the UDPE, we "rst calculate the undistorted model
point (X , > ) that is calculated from the world coordiSK SK
nate, and another undistorted frame point (X , > )
SD SD
from the frame coordinate (X , > ) using Eqs. (5)}(7),
D D
that is,
1 ,
;DPE"
((X )#(> )),
S
S
N
L
where

(20)

X "(X !X ) s\,
S
SK
SD V
> "(> !> ) s\.
(21)
S
SK
SD W
Figs. 6(a) and (b) show the UDPE's of the three variable
( f, ¹ ,  ) optimization of Tsai's calibration model and
X 
the referring LUT-based method, respectively. Comparing the results, these two methods show nearly the same
UDPE's. The UDPE increases as the frame number
increases, because the number of feature points decreases
as the camera zooms in.

In this experiment we compare the results of the three
methods that use the relationship between feature points for
calculating lens distortion. We "rst simulate noise sensitivity of these three methods, which are collinearity, 5-coplanar point invariant and 2-line and 2-point invariant. To
simulate the noise sensitivity, we "rst project the feature
points of the pattern to an image and add noise to the
locations of projected feature points. To these noisy feature
points we apply the three methods to "nd the lens distortion and calculate the RMS error of the result. Fig. 7 shows
the simulation results of the noise sensitivity, where the
abscissa and the ordinate represent the standard deviations
of noise added (in pixel units) and RMS error of the lens
distortion calculated, respectively. As shown in the "gure,
the RMS error increases as the noise increases and we can
see that the noise sensitivity of the collinearity is much less
than that of the two invariants. Fig. 5(c) shows the result of
the experiment of the collinearity method for the continuous 300 frames. When the previous lens distortion coe$cient,  , is used as an initial value of the optimization

process, we can "nd lens distortion in less than 20 iterations.
Using 20 lines to "nd the lens distortion, we can complete
the optimization process in less than 1.2 ms with a Pentium
200 MHz, while the three-variable optimization of the
Tsai's model takes longer than 30 ms. Therefore it can be
favorably applied to the real-time process.
Fig. 6(c) also shows the UDPE of the collinearity
method. The feature points we found have an accuracy of
about a half-pixel. Judging from Fig. 7, for the methods
of the two invariants to have the same accuracy as the
collinearity method, it seems to have to extract the feature points with an accuracy of less than 0.1 pixels.

5. Conclusion
What we have found in Tsai's algorithm, one of the
most widely used for camera calibrations, is that if lens
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distortion can be calculated independently of the other
camera parameters, calibration can be done with a linear
method which saves computational cost considerably,
thus enabling real-time camera calibration. In this paper
we have proposed a couple of practical methods for
calculating lens distortion independently. One is a lookup-table (LUT)-based method and the other is based on
feature points. In the LUT method, an f! table is

constructed in the initialization stage and used in real
time with the index of f calculated using the previous
frame. The projective invariance method searches 

through optimization, which preserves the collinearity
and/or geometric invariance in the undistorted image.
The geometric invariances we used are 5 coplanar points
invariance and two-line two-points invariance.
Experiments were carried out with a coplanar pattern,
results of which show that the performances of the LUTbased and collinearity methods are comparable to Tsai's
nonlinear optimization method in terms of errors. Moreover, not to mention the LUT-based method which performs it instantly, the collinearity method achieves
around a factor of 30 improvement in computation time
over Tsai's nonlinear optimization method. Geometric
invariances turned out to be more sensitive to noise than
collinearity method. Simulation for sensitivity reveals
that in order to have the same accuracy as the collinearity method, feature points should be extracted with an
accuracy of less than 0.1 pixels. For a coplanar pattern,
collinearity has an advantage over the LUT method in
that it has no constraint on camera movement. Though
tests have not been carried out for noncoplanar features,
the methods proposed here, LUT and collinearity
methods, can also be applied to those features.
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a linear method which would save computational cost
considerably, thus enables real-time camera calibration.
The point is how to obtain lens distortion parameter
independently.
In this paper we propose a couple of practical methods
for calculating lens distortion independently. One is
look-up-table (LUT)-based method and the other is feature-based method. In the LUT-based method, the LUT
made of focal length and lens distortion parameter is
constructed in the initialization stage and used in a realtime operation with the index of focal length calculated
at the previous frame. The feature-based method searches
lens distortion parameter through optimization which
preserve collinearity and/or geometric invariance in an
undistorted image. The geometric invariances we use are
"ve coplanar points invariance and two-line two-point
invariance.
Experiments are carried out with a coplanar pattern,
results of which show that the performances of the LUTbased and the collinearity methods are comparable to
Tsai's nonlinear optimization method in terms of errors.
Moreover, not to mention the LUT-based method which
performs it instantly, the collinearity method achieves an
improvement of around a factor of 30 in computation
time over Tsai's nonlinear optimization method. The
collinearity method has an advantage over the LUT
method in that it has no constraint on camera movement.
According to the simulation on noise sensitivity, geometric invariances turned out to be more sensitive to noise
than the collinearity method. In order to have the same
accuracy as the collinearity method it has to extract
feature points with an accuracy of less than 0.1 pixels.
Though tests have not been carried out for noncoplanar
features, the methods proposed here, LUT and collinearity methods, can also be applied to those features.

6. Summary
The problem of camera calibration has attracted a
great deal of attention in the computer vision community
in the recent three decades, and various algorithms have
been introduced. Among them, Tsai's method has been
most widely used. Although there have been some other
approaches introduced thereafter, their goals have been
toward the improvement of accuracy or re"nement of
models. Little attention has been paid to the algorithmic
reduction of computation time, which is critical to realtime applications.
Applications like camera tracking for virtual studio,
the main application of this paper, require real-time
camera calibration. In order to apply Tsai's algorithm to
these real-time applications it has to be modi"ed because
the nonlinear optimization involved in it due to lens
distortion requires considerable computational cost. To
reduce the computational burden, we have found that
if the lens distortion can be calculated independently of
other camera parameters, calibration can be done with
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